Abstract. Starting from the O(4) supersymmetry of the field-free hydrogen atom, we study the spectrum of the H atom in a uniform magnetic field by exact numerical calculations in a complete basis. We define a label K that is approximately conserved and hence leads to very small anticrossings in a region reaching well into the n-mixing regime.
Introduction
The one-body Schrodinger equation describing the hydrogen atom in a uniform magnetic field B = (0, 0, B ) remains one of the most fascinating unresolved problems in 'elementary' quantum mechanics (Delande et a1 1984 , Clark et al 1984 . The Hamiltonian p 2 e2 2m, r H=---+ wl, + i m e w 2 ( x 2 + y 2 ) with w = eB/(2mec), has the azimuthal qgantum number m and z-parity rr as good quantum numbers, but in each m Ti subspace the problem remains two-dimensional and non-separable.
At low magnetic field strengths, the diamagnetic term in (1) lifts the degeneracy of the manifolds of states belonging to given principal quantum numbers n in the zero-field limit. The spectrum in a given m x subspace becomes complicated when states belonging to adjacent n manifolds begin to overlap ('n-mixing regime'). Zimmermann et a1 (1980) and Delande and Gay (1981) observed exponentially small anticrossings between states of adjacent n manifolds and these approximate level crossings have been interpreted as evidence of an approximate dynamical symmetry of the non-separable Hamiltonian. Several authors (Solov'ev 1981 , Herrick 1982 , Delande and Gay 1984 have studied the question of an approximate symmetry starting from the O(4) supersymmetry of the field-free hydrogen atom. The result of all this work is that, within a single n manifold of hydrogenic states, the diamagnetic interaction can, to first order in B2, be expressed in terms of the invariant combination (2) of components of the Runge-Lenz vector. Eigenstates can be assigned to two different categories depending on the sign of the eigenvalue (+ of the first-order invariant (2):
0022-3700/86/091261+ 09$02.50 0 1986 The Institute of Physics rotator states for cr>O and vibrator states for v<O. In this way it is possible to understand some features of the weak-field spectrum, e.g. the approximate doublet degeneracy of vibrator states belonging to the same azimuthal quantum number m but different z-parity T or the different localisation in configuration space of wavefunctions of rotator and vibrator states.
These results were a major step forwards in the understanding of atomic diamagnetism. However, as pointed out by Delande and Gay (1984) , they cannot give an answer to the question of exponentially small anticrossings between adjacent n manifolds. As noted by Solov'ev (1981) , the existence of a first-order invariant does not in itself imply any kind of separability of the Hamiltonian (1). Up to now, the problem of approximate separability is still open (Feneuille 1982 , Delande et a1 1984 , The failure to find an approximately separable representation of the Hamiltonian (1) has led some authors (Hose et a1 1985) to suggest that the approximate level crossings are only due to different spatial localisation of the wavefunctions involved and are not the result of an approximate separability.
There is as yet no experimental verification of the approximate level crossings. Also, the numerical calculations both of Zimmermann et a1 (1980) and of Delande and Gay (1981) are based on diagonalisation of the Hamiltonian (1) in an incomplete basis of hydrogenic bound states, i.e. the continuum states are neglected. However, completeness of the basis is very important if we want to make valid statements about small quantities such as exponentially small anticrossings. Complete calculations in the region of laboratory fields and below are in fact much more difficult than at very high fields, where the diamagnetic potential dominates the entire spectrum and calculations in the complete Landau basis become practicable (Friedrich 1982 , Friedrich and Chu 1983 , Chu and Friedrich 1984 , Friedrich and Wintgen 1985a . So far the only numerical calculation in a complete basis in the low-field n-mixing regime was performed by Clark and Taylor (1982) who diagonalised a very large matrix in a Sturmian basis for only one value of the magnetic field strength, and this is not enough to study level crossings.
In this paper we introduce a representation of the Hamiltonian (1) that turns out to be approximately separable for a large range of energies and field strengths. We present, for the first time, a study of the n-mixing level-crossing regime using exact numerical calculations in a complete basis. Our study confirms the actual existence of approximate level crossings due to approximate separability of the Hamiltonian.
Theory and method
Our method of solution of the Schrodinger equation exploits the O(4) supersymmetry of the field-free hydrogen atom.
Measuring lengths in units of the Bohr radius a, = hZ/( mee2) = 0.53 A and energies in units of the Rydberg energy E R = mee4/(2hZ) c-13.6 eV, the Schrodinger equation is
where y is the magnetic field strength in units of Bo= m:e3c/h3 -2.35 x lo5 T. In equation (3) In this basis the matrix elements of the diamagnetic potential (7) are easily evaluated using well known formulae for harmonic oscillators. In particular, if we group the states into shells with the same total oscillator quantum number
then VB connects states of shells N and N ' only if IN -N'I < 3.
As a first step to diagonalising Hb we prediagonalise V, in each oscillator shell. Following the usual convention, the resulting prediagonalised states are labelled by the index K , which varies from 0 to N -lml -1 and runs over the even integers in m r subspaces of positive z parity m and over the odd integers for negative z parity. The highest energy states in each N shell carry the value K = 0. Thus small values of K label rotator states while the highest K values label vibrator states. Note that the matrix elements of the diamagnetic potential VB depend on the oscillator parameter b and magnetic field strength y only via a universal factor y2b6. Since the prediagonalisation occurs amongst states degenerate in the harmonic oscillator part of the Hamiltonian, the mixing of oscillator states induced by prediagonalisation is universal; it depends only on the oscillator shell but not on b or 'y.
In a given m T subspace the complete basis for diagonalising the Hamiltonian Hb is thus labelled by two indices: N for the harmonic oscillator shell and K for the prediagonalised states in each shell. By construction, the matrix elements (NKJV,IN'K') vanish if N = N' and K # K ' , i.e. there is no K mixing within a given shell. A new and important result is that, for the rotator states, K-mixing matrix elements for N # N' are very small. This is illustrated in figure 1 , where we plot the ratios of the K -mixing matrix elements ( N , K = 01 VBl N + 1, K' = 2,4,6) to the corresponding K-diagonal matrix elements ( N , K = 01 VBIN+ 1, K ' = 0). These ratios do not depend on the oscillator parameter b or the magnetic field strength y. The K-mixing matrix elements among vibrator states are in general not small. In particular, appreciable matrix elements connect the vibrator state IN, K ) with the K + 2 or K -2 states in other shells.
In the limit of small magnetic field strengths, the energy shifts of the hydrogen states dbe to the diamagnetic potential are given by first-order perturbation theory (Herrick 1982, Delande and Gay 1984) : AE = i y 2 n 2 ( n 2 + m2+3+4A2-5A2).
(10)
In this limit K labels the eigenstates of the first-order invariant (2) and is a good quantum number. However, our present construction of the label K via the universal prediagonalisation procedure mentioned above can also be applied beyond the perturbative regime. Approximate solutions of the Schrodinger equation can be obtained by allowing N mixing but assuming that K is a good quantum number. In this method, which we call ' K projection', the Hamiltonian ( 5 ) is diagonalised in subspaces of states with fixed value of K but including all oscillator shells N. The extent to which the K -projected solutions deviate from the exact solutions of the Schrodinger equation is a measure for how strongly the separability of the Hamiltonian is violated. Thus we can test how well the label K defines an approximately separable representation of the Hamiltonian by comparing the exact solutions of the Schrodinger equation with the K -projected results.
Results and discussion
The spectrum of energy eigenvalues obtained by the method of K projection is shown in figure 2 for m* =O+ in the region of magnetic fields up to 6 T and hydrogenic quantum numbers around n = 30. The eigenvalues En,K are labelled by K and grouped into manifolds belonging to a given hydrogenic quantum number n in the zero-field limit.
A comparison between K-projected results and exact results is shown on an expanded scale in figure 3 . In the present calculations all oscillator shells from N = 18 to N = 42 were included in the diagonalisation. This was sufficient to obtain convergence in the energies of the hydrogen atom to at least nine significant figures. The total dimension of matrices diagonalised in the exact calculations was 394. A quantitative comparison between the exact results, the method of K projection and the perturbative expression (10) is given in table 1. The results in figure 3 and table 1 show that assuming K to be a good quantum number is an excellent approximation for the rotator states and somewhat poorer for vibrator states.
In figure 2 all level crossings are exact, because they occur between states of different K values and K is conserved in this figure. In the exact calculations in figure 3 , the anticrossings are still so small that they cannot be seen on the scale of the figure. For example, the closest approach of the In, K ) = 129,2) state and the In, K ) = 130, 14) state occurs at a field strength y=2.057 102x and the anticrossing AE is roughly 3 x IO-' cm-'. This is the first confirmation of the existence of approximate level crossings in the low-field n-mixing regime on the basis of numerically exact solutions of the Schrodinger equation in a complete basis.
The anticrossing sizes can be estimated in first-order perturbation theory:
with wavefunctions normalised as
The perturbative result for the anticrossing of the (29,2) state with the 130, 14) state is 0.7 x lo-' cm-l, which is smaller than but of the same order of magnitude as the numerical result. The approximate level crossings in figure 3 all involve at least one rotator state. The anticrossings are small because K is almost exactly conserved for rotator states. In addition, the differences in K values are rather large and this contributes to a further reduction of the relevant mixing matrix elements. This is particularly true for the crossings between the In, K = 0) states and the In + 1, K = K,,,) states, which define the onset of the n-mixing regime. Using the perturbative expressions (10) for the energy shifts, the onset of the n-mixing regime is given by y2n7 = 1615.
The perturbative results for the anticrossings (1 1) relative to the 'natural level spacing' 2 / n 3 are shown in figure 4 for the crossings at the onset of the n-mixing regime (13). Different spatial localisation of the wavefunction has been mentioned as an explanation for very small anticrossings (Solov'ev 1981 , Hose et al 1985 . This may be valid at the onset of the n-mixing regime, where a K = 0 rotator state, which is concentrated near the z = 0 plane and has all its nodes perpendicular to the field, anticrosses with a K = K,,, vibrator state. The simple picture of different spatial localisation cannot, however, explain the extremely small anticrossings between two rotator states, e.g. as observed between the n = 29, K = 2 and the n = 30, K = 14 state in figure 3. These small anticrossings are a direct consequence of the approximate separability of the Hamiltonian for rotator states.
Finally we discuss the boundaries of the region where the Hamiltonian (1) is approximately separable and hence leads to approximate level crossings of states belonging to different values of the separation index K .
Our definition of the label K depends on the fact that the Hamiltonian ( 5 ) represents two harmonic oscillators perturbed by the diamagnetic potential (6). From (6) it is clear that the energy E in (3) and (4) must be negative. Thus the zero-field ionisation threshold is a natural boundary at and beyond which our present construction of the approximately conserved label K breaks down. More detailed calculations over a larger range of energies and field strengths (Wintgen and Friedrich 1986) show that even rotator states tend to go through relatively large avoided crossings and hence lose their identity as they approach the zero-field ionisation threshold. Approximate conservation of K also breaks down when vibrator states associated with different principal quantum numbers approach each other. A rough estimate of where this begins to happen can be obtained from the first-order energy shifts (10). The highest vibrator state in a given n manifold corresponds roughly to a vanishing eigenvalue of the first-order invariant ( 2 ) and hence its energy is shifted by A E o = i y 2 n 4 + O ( n 2 )
whilst the shifts of the lowest vibrator states are only of the order of n3. Vibrator states of adjacent n manifolds come close when A E o = 2 / n 3 , i.e. when y 2 n 7 = 16. Thus approximate separability of the Schrodinger equation manifests itself in very small anticrossings of states associated with different values of K in the region y2n7 < 16.
Beyond this region there may still be some very small anticrossings such as those caused by interference effects in the high-field region Friedrich 1984, Friedrich and Wintgen 1985a, b) but there are also large avoided crossings and the unambiguous assignment of quantum numbers to the many states becomes difficult (Wintgen and Friedrich 1986) . Note that our definition of K via a universal prediagonalisation independent of energy and magnetic field strength relies heavily on the fact that the Hamiltonian (5) represents a pure harmonic oscillator Hamiltonian perturbed by a potential that is homogeneous in p and v. Thus any deviation of the field-free Hamiltonian from that of a pure Coulomb potential, e.g. to describe screening effects in hydrogen-like atoms, would cause complicated mixing effects and K would no longer be approximately conserved.
Summary
We have for the first time studied the n-mixing regime in a numerically exact calculation in a complete basis. The calculation exploits the O(4) supersymmetry of the field-free hydrogen atom and its equivalence with a system of two two-dimensional harmonic oscillators. By prediagonalising the diamagnetic potential in each oscillator shell, we define a label K that is very well conserved and defines an approximately separable representation of the Hamiltonian (1) for a large range of energies and field strengths. The approximate conservation of K manifests itself in approximate level crossings in a region, defined by (15), that reaches well into the n-mixing regime. Approximate separability breaks down as we approach the zero-field threshold.
